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In this paper we prove that for every metrically generated theory (Colebunders and Lowen,
2005 [4]) there exists a largest, what we call local metrically generated theory underlying
it. We illustrate this result by looking at the traditional case of the categories of topological
spaces and quasi-uniform spaces (Künzi, 2001 [10]) and also by looking at the categories
of approach spaces (Lowen, 1997 [11]) and quasi-uniform gauge spaces (Lowen, 2004 [12])
and some of their usual sub- and supercategories (Choquet, 1948 [1]; Colebunders and
Lowen, 1989 [2]; Herrlich, 1987 [9]; Preuss, 1988 [14]).
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1. Introduction
In [4] the ﬁrst two authors introduced the notion of metrically generated theories as a unifying framework for all
possible theories which are determined by their metrizable objects (in a general sense, allowing pseudo-quasimetrics). This
is notably the case for topological and (quasi-)uniform spaces, however in [4] many other examples were provided. We all
know that a topology (resp. completely regular topology) can be derived from a quasi-uniformity (resp. uniformity) and
that topologies are the structures allowing us to study local concepts, such as continuity whereas uniformities are the
structures which allow us to study uniform concepts, such as uniform continuity. We also have formulas showing that
indeed, going from a uniformity to the underlying topology involves a kind of localization of the structure, e.g. by way of
deriving neighborhoods from entourages. However all this is fairly meta-mathematical and certainly ad-hoc for the situation
of topology and uniformity. In this paper we want to show that, by way of metrically generated theories [4], it is possible
to turn these intuitive facts into a general technique. For this, after having recalled the basic notions of metrically generated
theories, we will describe what we call local metrically generated theories. We will show that every metrically generated
theory gives rise to a unique largest underlying local theory and we will determine precisely what these local underlying
theories for various important examples are. In particular we will show that in the case of our penultimate example, namely
uniform theories, these largest underlying local theories are indeed the usual topological ones. For more information on
metrically generated theories and their examples we refer to [3,5,11].
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A construct is a category with a forgetful functor to Set. It is called topological if arbitrary initial and ﬁnal structures
exist uniquely and certain smallness conditions are fulﬁlled. We refer to the seminal work of Horst Herrlich on this [7–9].
If A is a construct and X a set, then A(X) stands for the ﬁber of A-structures on X . If A and B are objects on the same
underlying set X then we write B  A if idX : A → B is a morphism. For a topological construct A and an object X , A(X) is
a complete lattice with top element the discrete structure and bottom element the indiscrete structure. Sometimes we will
use the notation X to denote an object in A with underlying set X .
We refer the reader to [4] for the basic results on metrically generated theories. In this paper we only recall those
deﬁnitions and results which we require.
A generalized metric on a set X is a map d : X × X → [0,∞] which is zero on the diagonal, and the pair (X,d) is
called a generalized metric space. Given generalized metric spaces (X,d) and (X ′,d′) a map f : (X,d) → (X ′,d′) is called a
contraction if d′ ◦ f × f  d. Met stands for the topological construct with objects generalized metric spaces and morphisms
contractions. The subconstructs of Met, besides Met itself, with which we will be concerned in this paper are Mets , the
category of symmetric generalized metric spaces, Met , the category of quasi-metric spaces (where the generalized metric
fulﬁlls the triangle inequality) and Met,s , the category of pseudo-metric spaces (where the generalized metric is both
symmetric and fulﬁlls the triangle inequality).
A full and isomorphism-closed concrete subconstruct of Met which is closed for initial morphisms and which contains
all Met-indiscrete spaces is called a base category. Given a base category C , a topological construct X is called C-metrically
generated if there exists a concrete functor K : C →X satisfying the following two properties:
(I) K preserves initial morphisms, i.e. for any f : X → X ′ and any d ∈ C(X ′)
f : K (X,d ◦ f × f ) → K (X ′,d)
is initial in X .
(D) K (C) is initially dense in X , i.e. any object of X is initial in X for some source having codomains in K (C).
We will then also say that X is C-metrically generated by K .
Metrically generated constructs can be represented by a model category. In order to explain this we need some further
preliminary concepts and results.
A C-downset on X is a downset S ⊂ [0,∞]X×X such that for any e ∈ S there exists d ∈ C(X) ∩ S with e  d. For any
Q⊂ [0,∞]X×X , we write Q↓ := {e ∈ [0,∞]X×X | ∃d ∈Q: e  d}. If Q⊂ C(X) and Q↓ = S we say that Q is a basis for S .
MC stands for the construct with objects pairs (X,D) where X is a set and D is a C-downset. MMet is shortly denoted M.
D is called a C-meter (on X ) and (X,D) a C-metered space. If (X,D) and (X ′,D′) are C-metered spaces then a function
f : X → X ′ is called a contraction if
∀d′ ∈D′: d′ ◦ f × f ∈D.
It is easily veriﬁed that MC is a topological construct. Given a structured source ( f j : X → (X j,D j)) j∈ J , the initial struc-
ture on X is the meter
{d ◦ f j × f j | j ∈ J , d ∈D j}↓.
Analogously, given a structured sink ( f j : (X j,D j) → X) j∈ J , the ﬁnal structure on X is the meter{
d ∈ C(X) ∣∣ ∀ j ∈ J : d ◦ f j × f j ∈D j}↓.
In order to easily deal with concretely coreﬂective subconstructs of MC we require the following concept.
We call ξ an expander on MC if for any X and any meter D ∈ MC(X), ξ provides us with a meter ξ(D) ∈ MC(X) in such
a way that the following properties are fulﬁlled:
(E1) D ⊂ ξ(D),
(E2) D ⊂N ⇒ ξ(D) ⊂ ξ(N ),
(E3) ξ(ξ(D)) = ξ(D),
(E4) if f : Y → X and D ∈ MP (X) then ξ(D) ◦ f × f ⊂ ξ(D ◦ f × f ↓).
Here, for any meter D, we have put D ◦ f × f := {d ◦ f × f | d ∈D}. Given an expander ξ on MC , we deﬁne MCξ as the
full subconstruct of MC with objects those metered spaces (X,D) for which ξ(D) =D. For the proof of the next result we
refer to [4].
Proposition 2.1. ([4]) For any expander ξ on MC , MCξ is a concretely coreﬂective subconstruct of MC and conversely any concretely
coreﬂective subconstruct of MC is so obtained.
2322 E. Colebunders et al. / Topology and its Applications 159 (2012) 2320–2330Given K : C →X satisfying (I) and (D), we introduce two concrete functors which play a crucial role in the setup.
For any object (X,D) in MC , with basis Q for D, we put
FK (X,D) = sup
q∈Q
K (X,q).
Note that this unambiguously deﬁnes FK : MC →X .
For any object X in X we put
GK (X) = (X,Q↓)
where Q= {q ∈ C(X) | K (X,q) X}. Note that Q = ∅. This deﬁnes GK : X → MC . From initiality properties it follows that
FK is a functor and from (I) it follows that GK is a functor. To avoid confusion, suprema in a topological construct X are
sometimes denoted by supX . We now formulate the main theorem and add a sketch of the proof. More details can be
found in [4].
Theorem 2.2. ([4]) A topological construct is C-metrically generated if and only if it is concretely isomorphic to MCξ for some expander
ξ on MC .
For any meter D we put [D]C := {d ∈D | d a C-metric}.
If C and C′ are base categories such that C′ ↪→ C , and ξ is an expander on MC , then
ξ ′(D) := [ξ(D)]C′↓ ∀C′-meterD,
deﬁnes an expander on MC′ called the C′-modiﬁcation of ξ . M(ξ,C′) stands for the full subconstruct of MCξ with objects
(X, ξ(D)) where D is a C′-meter.
Theorem 2.3. ([4]) If C and C′ are base categories such that C′ ↪→ C , and ξ is an expander on MC , then:
(1) MC′
ξ ′ and M
(ξ,C′) are concretely isomorphic.
(2) M(ξ,C′) is concretely reﬂective in MCξ and MC
′
is concretely reﬂective in MC .
(3) MC′
ξ ′ is concretely coreﬂective in M
C′ and MCξ is concretely coreﬂective in MC .
MC MCξ
c
M(ξ,C′)
r
MC′
r
MC′
ξ ′c
≈
3. Topological, uniform and approach theories
In this section we will describe those metrically generated theories which will play a role in the sequel of the present
paper. For details we refer to [4].
3.1. Pretopological, topological and completely regular spaces
For d ∈ Met(X), Td is the pretopology on X with neighborhood ﬁlter in x ∈ X generated by {Bd(x, r) | r > 0} where
Bd(x, r) = {y | d(x, y) < r}. This determines a concrete functor from Met to the construct PrTop of pretopological spaces
T : Met → PrTop: (X,d) → (X,Td)
together with restrictions
T : Met → Top, T s : Mets → CrPrTop and T,s : Met,s → Creg
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Met Met Mets Met,s
ξT PrTop Top CrPrTop Creg
ξU sqUnif qUnif sUnif Unif
where CrPrTop is deﬁned as the concretely reﬂective hull of symmetric metric spaces in PrTop. All these functors satisfy
conditions (I) and (K) and hence determine metrically generated theories. Pretopological spaces were introduced by Choquet
in [1]. They also played an important role in the study of various hulls of the construct of topological spaces [9].
The expander ξT associated with T is given in the following way: for any D ∈ M(X), e ∈ ξT (D) if and only if
∀x ∈ X, ∀ > 0, ∃d1, . . . ,dn ∈D, ∃δ > 0:
{ n
sup
i=1
di(x, ·) < δ
}
⊂ {e(x, ·) < ε}.
The expander associated with T is the quasi-metric modiﬁcation ξT of ξT given by: for any D ∈ M(X), e ∈ ξT (D) if
and only if
(1) ∃ quasi-metric d such that e  d,
(2) ∀x ∈ X , ∀ε > 0, ∃d1, . . . ,dn ∈D, ∃δ > 0: {supni=1 di(x, ·) < δ} ⊂ {d(x, ·) < ε}.
Analogously the expander associated with T,s is the pseudo-metric modiﬁcation ξ,sT of ξT and in the same vein the
expander ξ sT is the Met
s-modiﬁcation of ξT .
3.2. Semi-quasi-uniform, quasi-uniform and uniform spaces
It is well known that both Unif and qUnif can be described by means of meters. For Unif we refer to the book of Gillman
and Jerison [6], and for qUnif we refer to the survey paper by Künzi [10]. For d ∈ Met(X), Ud is the semi-quasi-uniformity
(see [14]) generated by the set {V d |  > 0} where V d = {(x, y) | d(x, y) < } which in the sequel, for short, we write as{d < }. This determines a concrete functor from Met to the construct of semi-quasi-uniform spaces sqUnif, [14]
U : Met → sqUnif: (X,d) → (X,Ud),
together with restrictions
U : Met → qUnif, Us : Mets → Unif and U,s : Met,s → Unif.
Again all these functors satisfy conditions (I) and (K) and hence determine metrically generated theories. The expander ξU
associated with U is given in the following way: for any D ∈ M(X), e ∈ ξU (D) if and only if
∀ > 0, ∃d1, . . . ,dn ∈D, ∃δ > 0:
{ n
sup
i=1
di < δ
}
⊂ {e < }.
The expander ξU associated with U
 is the quasi-metric modiﬁcation of ξU , as follows: for any D ∈ M(X), e ∈ ξU (D)
if and only if
(1) ∃ quasi-metric d such that e  d,
(2) ∀ > 0, ∃d1, . . . ,dn ∈D, ∃δ > 0: {supni=1 di < δ} ⊂ {d < }.
The expander ξ,sU associated with U
,s then is the pseudo-metric modiﬁcation of ξU and in the same vein the expander
ξ sU is the Met
s-modiﬁcation of ξU .
The foregoing considerations are represented in Table 1.
3.3. Pre-approach, approach and uniform approach spaces
These categories were introduced by the ﬁrst two authors in [2] and [11] to which we refer for details. Consider the
functor
A : Met → PrAp: (X,d) → (X,d↓)
where PrAp stands for the category of pre-approach spaces, together with its restrictions
A : Met → Ap and A,s : Met,s → UAp
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Met Met Met,s
ξA PrAp Ap UAp
ξUG sqUG qUG UG
to respectively the constructs of approach spaces and of uniform approach spaces. These functors too satisfy (I) and (K)
and hence determine metrically generated theories. The expander ξA associated with A is the following: for any D ∈ M(X),
e ∈ ξA(D) (see [4]), if and only if
∀x ∈ X, ∀ > 0, ∀ω < ∞, ∃d1, . . . ,dn ∈D: e(x, ·) ∧ω nsup
i=1
di(x, ·) + .
Ap was shown in [11] to be the concretely reﬂective hull of A(Met). This allows us to conclude that Ap is metrically
generated by A : Met → Ap with associated expander the quasi-metric modiﬁcation ξA of ξA .
Analogously, UAp is metrically generated by A,s : Met,s → UAp with associated expander the metric modiﬁcation ξ,sA
of ξA .
3.4. Quasi-uniform and uniform gauge spaces
A quasi-uniform gauge space (see [13,12]) is a pair (X,G) where X is a set and G is an ideal of quasi-metrics on X .
We say that an ideal G consisting of quasi-metrics is globally (or uniformly) saturated if, whenever e is a quasi-metric
such that
∀ε > 0, ∀ω < ∞, ∃d ∈ G: e ∧ω d + ε
it follows that e ∈ G . Such an ideal will be called a quasi-uniform gauge. A pair (X,G) where G is a quasi-uniform gauge will
be referred to as a quasi-uniform gauge space. Note that this terminology differs from the one used in [13] but does coincide
with the one from [12]. In the case where the quasi-metrics are symmetric, i.e. pseudometrics we speak of a uniform gauge
and a uniform gauge space.
In both cases (approach spaces and uniform gauge spaces) the associated morphisms are deﬁned in the same way. Let
(X,GX ) and (Y ,GY ) be approach spaces (respectively uniform gauge spaces) and let f : X → Y be a function. We say that
f is a contraction (respectively a uniform contraction) if
∀d ∈ GY : d ◦ ( f × f ) ∈ GX .
Equivalent formulations of contractivity and uniform contractivity bring the difference between local and global satura-
tion to light. A map is a contraction if and only if
∀x ∈ X, ∀d ∈ GY , ∀ε > 0, ∀ω < ∞, ∃e ∈ GX : d
(
f (x), f (·))∧ω e(x, ·) + ε,
whereas it is a uniform contraction if and only if
∀d ∈ GY , ∀ε > 0, ∀ω < ∞, ∃e ∈ GX : d ◦ ( f × f )∧ω e + ε.
The foregoing considerations are represented in Table 2.
4. Supremum of expanders
In what follows we will introduce the concept of local metrically generated theories. We do this by introducing a new
expander loc. A theory MCξ will then be called local if all objects in it are local objects, i.e. if the category is contained
in MC
locC
. We will furthermore prove that for every metrically generated theory there exists a largest local theory which is
contained in it. To be able to do this, we ﬁrst introduce a way to “combine” expanders.
The bijection of Proposition 2.1 is actually a contravariant order isomorphism. Since any collection of concretely core-
ﬂective subconstructs is a complete lattice (with inﬁma given by intersections), any family of expanders has a supremum
which, moreover, can be calculated by ﬁrst passing to the corresponding concretely coreﬂective subconstructs, taking their
intersection, and then returning to the corresponding expander.
Let C be an arbitrary base category, and let (ξi)i∈I be a family of expanders on MC . These expanders represent the
technical descriptions of concretely coreﬂective subconstructs of MC . Taking the supremum of these expanders will thus
deﬁne the expander which describes the intersection of concretely coreﬂective subconstructs of MC . It can be described
directly from the original expanders by a standard order-theoretic procedure. In the binary case it can also be obtained by
a transﬁnite procedure.
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L(ξi)i∈I (D) :=
{E ∈ MC(X) ∣∣D ⊆ E and ∀i ∈ I: ξi(E) = E}
then ∨
i∈I
ξi(D) =
[⋂{E ∣∣ E ∈ L(ξi)i∈I (D)}]C↓.
All of the foregoing can of course be applied to a family consisting of only two expanders. The supremum ξ1 ∨ ξ2 is in
general different from the composition ξ1 ◦ ξ2 since this composition satisﬁes conditions (E1), (E2) and (E4), but will fail to
be idempotent in general. It is however clear that ξ1 ◦ ξ2  ξ1 ∨ ξ2, since ξ1(ξ2(D)) ⊆ ξ1(ξ2(E)) = E for all E ∈ Lξ1ξ2 (D). The
following propositions are easy consequences of this inequality.
Proposition 4.1. For two expanders ξ1 and ξ2 on MC , and a C-metered space (X,D) the following conditions are equivalent:
(1) ξ1 ∨ ξ2(D) =D,
(2) ξ1 ◦ ξ2(D) =D,
(3) ξ2 ◦ ξ1(D) =D,
(4) ξ1(D) =D = ξ2(D).
Proposition 4.2. For two expanders ξ1 and ξ2 on MC the following conditions are equivalent:
(1) ξ1 ∨ ξ2 = ξ1 ,
(2) ξ1 ◦ ξ2 = ξ1 ,
(3) ξ2 ◦ ξ1 = ξ1 ,
(4) ξ2  ξ1 .
We point out that the expander ξ1 ∨ ξ2 can also be obtained by a transﬁnite procedure. MCξ1∨ξ2 = MCξ1 ∩ MCξ2 , hence if we
put γ := ξ1 ◦ ξ2 and then
γ0 := γ ,
γα+1 := γ ◦ γα for any ordinal α,
γα := sup
β<α
γβ for any limit-ordinal α,
then for any C-metered space (X,D) we obtain an ordinal sequence of structures (γα(D))α on X , which by the usual
cardinality argument must stop for a smallest ordinal κ . For this ordinal ξ1 ∨ ξ2(D) = γκ(D) = (ξ1 ◦ ξ2)κ (D).
5. Local metrically generated theories
Given a meter D on X , for any x ∈ X we will denote
D(x) := {d(x, .) ∣∣ d ∈D}.
Note that D(x) is a downset in [0,∞]X .
For any object (X,D) ∈ M we deﬁne
loc(D) := {d ∈ Met(X) ∣∣ ∀x ∈ X: d(x, .) ∈D(x)}.
This is again a meter on X .
Proposition 5.1. loc is an expander on M.
Proof. (E1) and (E2) are trivial. To prove that loc is idempotent, we have to show that for any metered space (X,D),
d ∈ loc(D) if and only if for all x ∈ X : d(x, .) ∈ loc(D)(x). The only if part is evident. To prove the if part, let d be such that
for all x ∈ X : d(x, .) ∈ loc(D)(x), which means that there exists dx ∈ loc(D) such that d(x, .) = dx(x, .). More explicitly, this
implies that for all x ∈ X there exists a dx such that
∀z ∈ X: dx(z, .) ∈D(z) and d(x, .) = dx(x, .),
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f : X → Y and d ∈ loc(D), then for any x ∈ X , d( f (x), .) ∈ D( f (x)) and thus there exists a dx ∈ D such that d( f (x), .) =
dx( f (x), .). This implies that, for all x ∈ X ,
d ◦ f × f (x, .) = dx ◦ f × f (x, .) ∈ (D ◦ f × f ↓)(x),
and consequently, that d ◦ f × f ∈ loc(D ◦ f × f ↓). 
With any object (X,D) in M we can now associate a local object in a canonical way, by looking at (X, loc(D)).
Deﬁnition 5.2. We will call an object (X,D) in M local (in M) if it belongs to Mloc. This is equivalent with saying that
D = loc(D), i.e.
d ∈D if and only if for all x ∈ X : d(x, .) ∈D(x).
We will call a metrically generated theory, determined by an expander ξ on M, local if all objects in Mξ are local, i.e. if
for any X , for any meter D on X and for any d
d ∈ ξ(D) if and only if ∀x ∈ X : d(x, .) ∈ ξ(D)(x),
or more concisely put, if loc  ξ . From Proposition 4.2 we see that this condition is also equivalent with loc ◦ ξ = ξ , and
with loc∨ ξ = ξ . In this case we also call the construct Mξ and the expander ξ itself local.
We will not only be interested in local objects and theories in M but more importantly in MC for well-chosen base
categories C . The C-modiﬁcation of loc is given by
locC(D) := {d ∈ C(X) | ∀x ∈ X: d(x, .) ∈D(x)}↓.
Hence the following deﬁnition.
Deﬁnition 5.3. We will call an object (X,D) in MC local (in MC ) if locC(D) =D, i.e. if for any C-metric d we have that
d ∈D if and only if ∀x ∈ X : d(x, .) ∈D(x).
We will call a C-metrically generated theory, determined by an expander ξ on MC , local if all objects in MCξ are local,
i.e. if for any X , for any C-meter D on X and for any C-metric d
d ∈ ξ(D) if and only if ∀x ∈ X : d(x, .) ∈ ξ(D)(x),
or more concisely put, if locC  ξ . Again, from Proposition 4.2 this condition is equivalent with locC ◦ ξ = ξ , and with
locC ∨ ξ = ξ . In this case we also call the construct MCξ and the expander ξ itself local.
Theorem 5.4. If ξ is a local expander on MC and C′ is a base category which is contained in C , then the C′-modiﬁcation ξ ′ is a local
expander on MC′ .
Proof. This follows from the more general implication
ξ1  ξ on MC ⇒ ξ ′1  ξ ′ on MC
′
. 
In MC
locC
, for any base category C , morphisms are determined locally.
Proposition 5.5. Given objects (X,D) and (X ′,D′) in MC
locC
then f : (X,D) → (X ′,D′) is a contraction if and only if it is a local
contraction in the sense that
∀x ∈ X, ∀d′ ∈D′: d′( f (x), f (.)) ∈D(x).
Proof. This follows from
f : X → X ′ is a morphism f : (X,D) → (X ′,D′)
⇔ ∀d′ ∈D′: d′ ◦ f × f ∈D
⇔ ∀d′ ∈D′ ∩ C(X): d′ ◦ f × f ∈D
⇔ ∀d′ ∈D′ ∩ C(X), ∀x ∈ X : d′ ◦ f × f (x, .) ∈D(x)
⇔ ∀x ∈ X, ∀d′ ∈D′: d′( f (x), f (.)) ∈D(x). 
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our deﬁnitions.
Theorem 5.6. For any base category C , ξCA and ξCT are all local theories.
Proof. We will only show this for ξT . It is suﬃcient to prove that loc
C ◦ ξCT  ξCT . Therefore suppose that e ∈ locC(ξCT (D)).
This implies that there exists e′ ∈ C(X) such that
(1) e  e′;
(2) ∀x ∈ X, ∃dx ∈ C(X) such that
(a) e′(x, ·) dx(x, ·) and
(b) ∀z ∈ X , ∀ε > 0, ∃d1, . . . ,dn ∈D, ∃δ > 0 such that{ n
sup
i=1
di(z, ·) < δ
}
⊂ {dx(z, ·) < ε}.
Hence for all x ∈ X and ε > 0 there exist d1, . . . ,dn ∈D and δ > 0 such that{ n
sup
i=1
di(x, ·) < δ
}
⊂ {dx(x, ·) < ε}⊂ {e′(x, ·) < ε}
which implies that e ∈ ξCT (D). 
6. Local modiﬁcation of a theory
The machinery we have developed in the foregoing sections now without further ado allows us to deduce the following
fundamental result.
Theorem 6.1. For any C-metrically generated theory there exists a largest local theory underlying it. More precisely if ξ is the expander
of the given theory on MC then locC ∨ ξ is the expander determining the largest local theory contained in MCξ .
Proof. This follows immediately from the results developed in Sections 4 and 5. 
In the sequel we will write Loc(X) for the largest local category underlying a given category X.
In what follows we will apply this result to several concrete theories in an effort to determine precisely what are their
local modiﬁcations. First we prove a fairly general result which will aid us in this aim in the case C = Met.
Proposition 6.2. Let X be a set, and let P (θ, e(x, .), S, x, y) be a property depending on θ ∈ Θ , S ∈ Σ , x ∈ X, y ∈ X and e(x, .) where
e ∈ Met(X), such that P (θ, e(x, .), S, x, y) holds whenever e(x, .) = 0.
Then for every e ∈ Met(X)
∀x ∈ X, ∃dx ∈ Met(X), dx(x, .) = e(x, .)
and ∀θ ∈ Θ, ∃S ∈ Σ, ∀z ∈ X, ∀y ∈ X : P(θ,dx(z, .), S, z, y)
⇔ ∀x ∈ X, ∀θ ∈ Θ, ∃S ∈ Σ, ∀y ∈ X : P(θ, e(x, .), S, x, y).
In other words, suppose that the expander ξ is described by
ξ(D) = {e ∈ Met(X) ∣∣ ∀θ ∈ Θ, ∃S ∈ ΣD, ∀x ∈ X, ∀y ∈ X: P(θ, e(x, .), S, x, y)},
for a set Θ , a set ΣD depending onD and some property P . Then the localized version of this expander is given by
loc ◦ ξ(D) = {e ∈ Met(X) ∣∣ ∀x ∈ X, ∀θ ∈ Θ, ∃S ∈ ΣD, ∀y ∈ X: P(θ, e(x, .), S, x, y)}.
Proof. To prove the ‘⇒’-implication, take x ∈ X and θ ∈ Θ . Then there exist a generalized metric dx on X and S ∈ Σ
with dx(x, .) = e(x, .) and for all z ∈ X and y ∈ X : P (θ,dx(z, .), S, z, y), in particular for all y ∈ X : P (θ,dx(x, .), S, x, y) =
P (θ, e(x, .), S, x, y) holds.
Conversely, to show ‘⇐’, take x ∈ X and deﬁne
dx(y, z) :=
{
e(y, z) if y = x,
0 if y = x.
Then this dx satisﬁes the necessary conditions. 
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Proof. Let (X,D) be a metered space. By taking
Θ = ]0,∞], ΣD = 2(D) × ]0,∞]
and
P
(
ε, e(x, .), (E, δ), x, y)↔ sup
d∈E
d(x, y) < δ ⇒ e(x, y) < ε,
we obtain from 6.2 that e ∈ loc ◦ ξU (D) if and only if
∀x ∈ X, ∀ε > 0, ∃E ∈ 2(D), ∃δ > 0, ∀y ∈ X : sup
d∈E
d(x, y) < δ ⇒ e(x, y) < ε.
Hence loc ◦ ξU = ξT and consequently loc∨ ξU = ξT . 
In the sequel, for any set A, we denote by 2(A) the set of ﬁnite subsets of A.
Theorem 6.4 (Loc(sqUG)). The local theory determined by sqUG is PrAp which in terms of the expanders means ξA = loc∨ ξUG.
Proof. Let (X,D) be a metered space. If we take
Θ = ]0,∞] × [0,∞[, ΣD = 2(D)
and
P
(
(ε,ω), e(x, .),E, x, y)↔ e(x, y) ∧ω sup
d∈E
d(x, y) + ε,
then, again from 6.2 we get that e ∈ Met(X) belongs to loc ◦ ξUG(D) if and only if
∀x ∈ X, ∀ε > 0, ∀ω < ∞, ∃E ∈ 2(D), ∀y ∈ X : e(x, y) ∧ω sup
d∈E
d(x, y) + ε,
which is equivalent with e ∈ ξA(D). Hence we ﬁnd that loc ◦ ξUG = ξA and since this is an expander also loc∨ ξUG = ξA . 
The result of 6.2 cannot be used unless C = Met, hence for other base categories we have to ﬁnd alternative proofs.
Theorem 6.5 (Loc(qUnif)). The local theory determined by qUnif is Top, which in terms of the expanders means ξT = loc ∨ ξU .
Proof. If D is a Met-meter and ξT (D) =D then it follows from 5.6 that
loc ∨ ξU (D) ⊆ ξT (D) =D,
and hence that loc ∨ ξU (D) =D.
Conversely, suppose that loc ∨ ξU (D) =D then it follows from 4.1 that also loc ◦ ξU (D) =D and moreover, obviously
ξU (D) =D. Hence we may assume that D is an ideal which is closed under taking multiples, which allows us to use the
simpliﬁed version of ξT below. We have to show that ξ

T (D) ⊆ loc ◦ ξU (D).
Let e be a bounded quasi-metric in ξT (D) and let ω := sup e. Then for any x ∈ X and any ε > 0 there exists a quasi-
metric dεx ∈D such that dεx ω and Bdεx (x, ε) ⊆ Be(x, ε). Deﬁne
γx(a,b) := inf
{
ε
∣∣ (a,b) ∈ Udεx (ε)},
where Uγ (α) denotes {(a,b) ∈ X × X | γ (a,b) < α}. Clearly γx ω. Furthermore, if α > 0 then we have{
dαx <α
}⊆ {γx  α},
which proves that, for all ε > 0, {γx < ε} ∈ UD (the uniformity generated by D). Next, for all n ∈N0, put
Vn :=
{
γx <
ω
2n
}
,
then (Vn)n is a decreasing sequence of entourages for which we can ﬁnd a decreasing sequence (Un)n in UD such that for
each n
Un ⊆ Vn and U3n+1 ⊆ Un.
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gx(a,b) :=
⎧⎪⎨
⎪⎩
ω if (a,b) /∈ U1,
ω
2n if (a,b) ∈ Un \ Un+1,
0 if (a,b) ∈⋂n Un.
By construction γx  gx and for all ε > 0, {gx < ε} ∈ UD . Now let
dx(a,b) := inf
{
n−1∑
i=1
gx(xi, xi+1)
∣∣∣ x1 = a, xn = b
}
.
Then dx is a quasi-metric such that dx  gx  2dx and thus Udx ⊆ UD , which proves that dx ∈ ξU (D) and also ex := 2dx ∈
ξU (D).
If ex(x, y) < α then by construction also γx(x, y) < α and thus there exists ε < α such that dεx (x, y) < ε which implies
that e(x, y) < ε < α. Hence e(x, .) ex(x, .). This proves that e ∈ loc ◦ ξU (D).
If e ∈ ξT (D) is an arbitrary quasi-metric then the foregoing shows that for any ω < ∞, e ∧ ω ∈ loc ◦ ξU (D). However,
since loc ◦ ξU (D) = ξU (D) this implies that e ∈ loc ◦ ξU (D). 
Theorem 6.6 (Loc(sUnif)). The local theory determined by sUnif is CrPrTop which in terms of the expanders means ξ sT = locs ∨ ξ sU .
Proof. If D is a Mets-meter and ξ sT (D) =D then it follows from Theorem 5.6 that
locs ∨ ξ sU (D) ⊆ ξ sT (D) =D,
and hence that locs ∨ ξ sU (D) =D.
Conversely, suppose that locs ∨ ξ sU (D) =D then it follows from 4.1 that also locs ◦ ξ sU (D) =D and moreover, obviously
ξ sU (D) =D. Hence we may assume that D is an ideal which is closed under taking multiples, which allows us to use the
simpliﬁed version of ξ sT below. We have to show that ξ
s
T (D) ⊆ locs ◦ ξ sU (D). Let e be a Cs-metric in ξ sT (D). Then for any
x ∈ X and any ε > 0 there exists dεx ∈D such that Bdεx (x, ε) ⊆ Be(x, ε). Since D is a Cs-meter we can assume that these dεx
are symmetric. Deﬁne
dx(a,b) := inf
{
ε
∣∣ (a,b) ∈ Udεx (ε)}.
Then also dx is a Cs-metric, for all x ∈ X . Now, if dx(x, y) < α then there exists ε < α such that dεx (x, y) < ε and thus
e(x, y) < ε < α. Hence e(x, .) dx(x, .). Now if α > 0 then we have{
dαx <α
}⊆ {dx  α},
which proves that, for all α > 0, {dx  α} ∈ UD . Hence Udx ⊆ UD which in turn proves that dx ∈ ξ sU (D). Consequently, for
all x ∈ X we have that e(x, .) ∈ ξ sU (D)(x) and thus e ∈ locs ◦ ξ sU (D). 
By combining the techniques from the two foregoing proofs we get the following result.
Theorem 6.7 (Loc(Unif)). The local theory determined by Unif is CReg, which in terms of the expanders can be formulated as ξ,sT =
loc,s ∨ ξ,sU .
We now turn our attention to the uniform gauge and approach expanders. The case where the base category is Met was
already captured by Theorem 6.4, so we will now deal with Met and Met,s .
Theorem 6.8 (Loc(qUG)). The local theory determined by qUG is Ap, which in terms of the expanders is equivalent with ξA =
loc ∨ ξUG.
Proof. If D is a Met-meter and ξA (D) =D then it follows from 5.6 that
loc ∨ ξUG(D) ⊆ ξA (D) =D,
and hence that loc ∨ ξUG(D) =D.
Conversely, suppose that loc ∨ ξUG(D) =D then it follows from 4.1 that also loc ◦ ξUG(D) =D and moreover, obviously
ξUG(D) =D. Hence we may assume that D is an ideal, which allows us to use the simpliﬁed version of ξA below. We have
to show that ξA (D) ⊆ loc ◦ ξUG(D). Take e ∈ ξA (D). We can suppose that e is a bounded quasi-metric. Then we know that
for all x ∈ X and n ∈N0 there exists dnx ∈D ∩ Met(X) with
e(x, .) dnx(x, .) +
1
.n
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ψx(y, z) := inf
n∈N0
(
n
sup
k=1
dkx(y, z) +
1
n
)
.
Then for all x ∈ X we have e(x, .)ψx(x, .). We will now prove that ψx satisﬁes the triangle inequality
ψx(y, z) +ψx(z,u) = inf
n∈N0
(
n
sup
k=1
dkx(y, z) +
1
n
)
+ inf
m∈N0
(
m
sup
l=1
dlx(z,u) +
1
m
)
= inf
n∈N0
inf
m∈N0
(
n
sup
k=1
dkx(y, z) +
m
sup
l=1
dlx(z,u) +
1
n
+ 1
m
)
 inf
p∈N0
(
p
sup
k=1
dkx(y, z) +
p
sup
l=1
dlx(z,u) +
1
p
)
 inf
p∈N0
(
p
sup
k=1
(
dkx(y, z) + dkx(z,u)
)+ 1
p
)
 inf
p∈N0
(
p
sup
k=1
dkx(y,u)+
1
p
)
= ψx(y,u).
Furthermore it now clear that ψx ∈ ξUG(D). So for all x ∈ X we have found ψx ∈ ξUG(D) ∩ C(X) with e(x, .)  ψx(x, .),
which exactly means e ∈ loc(ξUG(D)). 
Theorem 6.9 (Loc(UG)). The local theory determined by UG is UAp, which in terms of the expanders can be formulated as ξ,sA =
loc,s ∨ ξ,sUG .
Proof. In the proof of 6.8 one can simply replace quasi-metrics by pseudo-metrics. 
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